Abstract: We apply the coherent state approach to study Aharonov-Bohm effect in the field theory context. We verify that, contrarily to the commutative result, the scattering amplitude is ultraviolet finite. However, we have logarithmic singularities as the noncommutative parameter tends to zero. Thus, the inclusion of a quartic self-interaction for the scalar field is necessary to obtain a smooth commutative limit. *
Introduction
In the last years, noncommutative theories have been discussed in the literature by a great number of authors, mainly due to the discoveries of their relation to string theory [1] . Noncommutative field theories are obtained by replacing the usual product of fields by the Moyal product (star product). Because of the star product properties, the quadratic part in the action is the same as the commutative case, only interaction terms are modified. Consequently, the free propagator is not changed by the star product. The inherent nonlocality of these theories leads to the surprising mixture between ultraviolet (UV) and infrared (IR) divergences. Besides, the Feynman amplitude exhibits the same ultraviolet divergences, up to the numerical coefficients, as in the commutative case.
Recently, a new approach was developed by authors in [2, 3] to study the noncommutative space-time. This new formalism is based on the coherent state approach, instead of Moyal product, and which is explicitly ultraviolet finite. In this approach the free particle propagators requires a Gaussian damping factor, which incorporates θ as a natural cutoff at large momenta. In [4] this formalism was applied for the nonrelativistic scalar field theory. It was then shown that this theory is ultraviolet finite on a quantum plane at one-loop level. In particular, the divergent behavior of the model has been regained in the limit θ → 0, i.e., when the noncommutativity between the coordinates is removed.
In this work we will apply the coherent states approach to the Aharonov-Bohm (AB) effect in the noncommutative plane in order to investigate the ultraviolet finiteness of the model. In quantum field theory, this effect is essentially the scattering of spin zero particles through a Chern-Simons (CS) field. It is well-known that, in the commutative situation [5] , the quartic self-interaction is obligatory to ensure the renormalizability of the model. In the context of noncommutative nonrelativistic field theory [6] , it has been shown that up to the one-loop order the UV divergences of the planar contributions are canceled in the calculation of the four-point function. On the other hand, to remove logarithmic infrared divergences originating from the non-planar diagrams in the commutative limit, it was necessary to introduce in the Lagrangian a quartic self-interaction.
We show that up to the one-loop order the scattering amplitude is ultraviolet finite. Nevertheless, the amplitude presents logarithmic infrared divergences as the noncommutative parameter tends to zero. To eliminate these divergences the inclusion of a quartic self-interaction for the scalar field is required. We prove that for special values of the coupling constant λ, the scattering amplitude is infrared finite and scale invariant.
The paper is organized as follows. In Sec. II, we give a brief review of the coherent state approach to the noncommutative plane. In Sec. III, we introduce the model and we compute the particle-particle scattering up to order one loop. Final comments are made in the Conclusions.
Coherent State Approach
In this section we present a brief description of the coherent state approach suggested in [2, 3] . We start with noncommutative plane described by the coordinatesq 1 andq 2 satisfying
where θ is the noncommutative parameter and has dimensions of a length squared. Let us now introduce a set of operators defined asÂ
The above operators satisfy commutation relation
Coherent states corresponding to the new operators are defined as the eigenstates |α in the following senseÂ
with normalized coherent states, α | α = 1, defined as
where, the vacuum state |0 is annihilated byÂ.
The mean position of the particle over the noncommutative plane is defined as
Thus, to any operator F (q 1 ,q 2 ) we associate an ordinary function f (x 1 , x 2 ) through their mean values as follows:
Mean values of any operator over coherent states are commutative quantities upon which one can construct usual quantum field theory. It is very natural to expect that presence of the exponential factors in the propagator will imply in the UV finiteness of the corresponding field theory.
Noncommutative Perturbative Theory
Now let us apply the coherent state approach to the model of a nonrelativistic scalar field coupled with a Chern-Simons field in 2+1 dimensions characterized by the action
The covariant derivatives are given by
So this action is commutative, i.e., the product of fields in (3.1) is not a Moyal product, but an ordinary product of functions. The noncommutativity in this model is implemented by modification of the propagators via incorporation of the Gaussian factors as it is suggested in the previous Section. This modification follows from the definition of the mean value of the corresponding operators over coherent states. For convenience, we will work in a strict Coulomb gauge obtained by choosing ξ = 0. Furthermore, we will use a graphical notation where the CS field and the matter field propagators are represented by wavy and continuous lines, respectively. The analytical expressions for the matter and gauge field propagators (see Fig. 1 ) are now given by
Here, p = |p|, k = |k| andk λ = (0, k). The analytical expressions associated with the interactions vertices (see Fig. 2 ) are
Due to the momentum conservation, these vertices are not affected by the noncommutativity in the coherent state formalism. Let us start our analysis by evaluating the four-point function associated with the scattering of two identical particles in the center-of-mass frame. In the tree approximation the gauge part of the two body scattering amplitude is presented graphically in Fig. 3(a) corresponding to the following analytical expression:
Here we introduce a new dimensionless noncommutativity parameterθ = θp 2 . The amplitude (3.9) for smallθ gives
where ϕ is scattering angle between the incoming (p) and the outgoing (p ′ ) momenta. We would remind that contributions near ϕ = 0 is not well defined for the Aharonov-Bohm scattering [7] . In [6] , the tree-level amplitude scattering was obtained by means of the use of a Moyal product and presents noncommutative contribution isotropic. For simplicity and to evade possible unitarity/causality problems [8] we keep time local by imposing θ 0i = 0. By taking into account the quartic self-interaction, shown in Fig. 3(b) , the full tree level amplitude is
Let us now calculate the scattering at one loop order. The relevant diagrams are depicted in Fig. 4 . The contribution for the triangle graph drawn in Fig. 4(a) after performing the k 0 integration is
where q = p 1 − p 3 is the momentum transferred. This integral can be evaluated analytically using the Feynman parametrization and the result is
where a 2 = q 2 x(1 − x) and Q = p 1 + p 3 . Now using standard Schwinger parametrization and after performing the k integration we have
(3.14)
Using the result
the symbol γ is the Euler-Mascheroni constant. In the commutative limit θ → 0 we obtain
The bubble graph shown in Fig. 4 (b) after performing k 0 integration is given by
Using the well-known decomposition
We can split the amplitude into a real part and an imaginary part. The real part yields 19) and the imaginary part
In the commutative limitθ → 0 the amplitude then becomes
The contribution of the box diagram in Fig. 4 (c) after performing k 0 integration is
This integral is finite and in the commutative limitθ → 0 we have
Thus, summing all the results, we get
This amplitude displays a logarithmic singularity atθ = 0. Arising of a contribution involving such a singularity in the commutative limit is a natural consequence of introduction of noncommutativity which plays the role of the UV regulator of the theory. In principle, arising of the UV/IR infrared divergences in the nonplanar sector of noncommutative theories constructed with use of a Moyal product is a phenomenon of the same nature. We also would note that though the amplitude does not depend on the external momenta and therefore does not generate UV/IR infrared singularities, in this theory we face another type of singularities, that is, the singularities of the weak noncommutativity limit. Arising of such singularities is typical for the contributions to the effective potential in the noncommutative field theories [9] . Notice that the result for the commutative analog of this theory, with Λ 2 is an ultraviolet cutoff (Λ → ∞), is reproduced for θ = 1/Λ 2 . The renormalization of this amplitude is implemented by redefining the nonrelativistic self-coupling constant λ 0 : (3.25) and the total renormalized amplitude is given by
The presence of the arbitrary mass scale µ breaks the scale invariance of the amplitude. We see however that at the critical point
the invariance scale is regained. As a result, the total amplitude scattering becomes
The noncommutative AB scattering result by using coherent state approach is successfully obtained up to the one loop order. We shown that, the inclusion of a quartic self-interaction for the scalar field is obligatory if a smooth commutative limit is required.
Conclusion
In this paper we have studied the noncommutative AB scattering through coherent state approach, in contrast with the commutative [5] and noncommutative [6] (using the Moyal product) situations, we shown that the amplitude scattering is UV finite. Nevertheless, we find logarithmic infrared divergences when the noncommutativity parameter tend to zero. These singularities in the commutative limit is a natural consequence of introduction of noncommutativity which plays the role of the UV regulator of the theory. As the amplitude scattering does not depend on the external momenta, up to the one loop order, the model is free from UV/IR infrared singularities. However, instead of them the singularities of the weak noncommutativity limit occur in the theory. This divergences are eliminated with the inclusion of a quartic self-interaction in the Lagrangean. We prove that, for values special of the coupling constant λ, the scattering amplitude is finite and we recover the result found in the commutative theory. For θ = 1/Λ 2 , with Λ 2 an ultraviolet cutoff (Λ → ∞), the commutative analog of this theory is reproduced. As noted in [6] infrared singularities occurs in the non-planar diagrams and the ultraviolet divergences of the planar contributions are canceled. Also was obtained noncommutative corrections to the AB effect. Our result differs from [6] in some aspects atθ = 0. For example, the scattering amplitude presents one-loop corrections for the AB effect, this is due to the nonlocal character of the noncommutative interaction constructed with use of a Moyal product. In our model these corrections are absent. However, we shown that noncommutative Aharonov-Bohm scattering by using coherent state approach is obtained in the commutative limit in agreement with the commutative AB effect. 
